The exact analytic solutions of the Maxwell equations in the exterior of a boosted rotating black hole immersed in an external magnetic field are obtained. The effect of boost as well as electromagnetic field on charged particle motion and energy extraction process -magnetic Penrose process around black hole is studied. It justifies however the well known statement that magnetic field greatly increases efficiency of energy extraction which is further boosted by the boost velocity.
I. INTRODUCTION
According to no-hair theorem a black hole cannot have its own magnetic field. It could though have an electric charge which is however not sustainable astrophysically because it would attract opposite charge from surrounding region and would get neutralized. An accreting medium could however produce magnetic field due to currents in accretion disk. Due to theremarkable frame dragging phenomena of rotating black hole, magnetic field lines would get twisted and that in turn would produce quadrupole electric field. It is that which is really responsible for the well known and highly efficient energy extraction processes -Blandford-Znajek and magnetic Penrose process (MPP) [1] [2] [3] [4] [5] [6] [7] .
The first study of electromagnetic field around rotating black hole was done long back by Wald in 1974 [1] . He considered a rotating black hole sitting in an asymptotically uniform magnetic field. As mentioned earlier, the frame dragging effect due to rotation of the black hole creates additional quadrupole electric field around the black hole. The structure and properties of the electromagnetic field surrounding the black hole is studied in various papers .
Like all other astrophysical objects, black holes also move as we have the phenomena of black hole mergers producing gravitational waves which have been for the first time observed in the most remarkable discovery of our times [31] [32] [33] . This wonderfully underlines the important role boost velocity can play in the merger process as well as other physical processes around black holes. The linear momentum of the black hole can be tested using the analysis of possible observation of the electromagnetic counterpart from black hole merger [22, 34] . This fact indicates the importance of the inclusion of the boost parameter to Kerr spacetimes in order to study the effects of the boost velocity to the geometry (gravitational * ahmadjon@astrin.uz † nkd@iucaa.in ‡ ahmedov@astrin.uz field) of black hole spacetime. Recently an analytic solution of Einstein equation for boosted rotating black hole has been obtained in [35] . The effect of gravitational lensing around boosted black hole is considered in [36] . Here we consider the electromagnetic field produced around it by asymptotically uniform external magnetic field. In this work our main purpose is to study the electromagnetic field around boosted rotating black hole immersed in external uniform magnetic field. The paper is organized as follows: The Sect. II is devoted to study the electromagnetic field while Sect. III is devoted to study of charged particle motion. The energy extraction by magnetic Penrose process has been discussed in Sect. IV. In Sect. V, we conclude the main results of the paper. Throughout the paper we use G = c = 1 and (− + ++) signature. Greek indices run from 0 to 3 and Latin from 1 to 3.
II. BOOSTED BLACK HOLE IN EXTERNAL MAGNETIC FIELD
Consider the spacetime metric around a boosted rotating black hole in Kerr-Schild coordinates (t, r, θ, φ) given by [35] 
where
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with a = J/M being the specific angular momentum of the black hole of total mass M , and
Note, that in [35] the metric of spacetime around boosted Kerr black hole is expressed in retarded Robinson-Trautman coordinates. Using the coordinate transformation for retarded time as u = t − r, one can obtain the metric in Kerr-Schild coordinates.
The event horizon of the boosted black hole is the same as for Kerr black hole which is defined as the surface g rr = 0:
This is because horizons (event and Cauchy) are null surfaces and hence are invariant under boost. On the other hand static limit surface r st is not so and hence boundary of ergoregion is altered by the boost velocity. The static limit has the following form
which takes the following simple form in the equatorial plane
It however coincides with the horizon on the axis, θ = 0. It is interesting to note that the width of the ergoregion shrinks with increasing velocity and it approaches zero as v → 1. This means that large boost velocity decreases the region available for existence of negative energy orbits. It would have adverse effect on energy extraction processes, magnetic Penrose process [3] [4] [5] as well as Blandford-Znajek mechanism [2] which critically depend upon negative energy orbits. In the Fig. 1 the ergoregion is shown to depict the effect of boost velocity on its shape. The boost is along the positive z direction and that is why the static limit gets smeared at the front end while it develops a dip at the back end which deepens with increase in velocity. Now we consider the electromagnetic field around boosted rotating black hole immersed in external asymptotically uniform magnetic field. We will use the spacetime symmetries, especially the existence of timelike and spacelike Killing vectors ξ µ (t) and ξ µ (φ) respectively satisfying the Killing equation
as well as the wave-like equation in vacuum spacetime
The solution of vacuum Maxwell equations A µ = 0 for the vector potential A µ of the electromagnetic field in the Lorentz gauge can be expressed as linear combnation of the Killing vectors in the following form [1] 
where the constants C 1 and C 2 are to be found by the using the asymptotic behavior of spacetime and electromagnetic field. Asymptotically magnetic field attains its uniform value B and thereby fixing C 2 = B/2. In order to find the value of the constant C 1 one can use the the asymptotic properties of spacetime (1) at the infinity as well as the electrical neutrality of the black hole
where integral is taken through the surface at the asymptotic infinity. Using the asymptotic values of the Christoffel symbols one can easily get the value of constant
For v = 0, k = 1 while for v = 1, k = 0. Finally the 4-vector potential A µ of the electromagnetic field will take the form
Using the zero angular momentum observer (ZAMO)
one can find the electromagnetic field components as given by 
In the limiting case, when v → 0, M/r → 0, aM/r 2 → 0 the expressions (19)-(24) take the following form:
In Fig. 2 the structure of the electromagnetic field for the different values of the rotation parameter and boost velocity is presented. Note that electric field is produced by twisting of magnetic field lines and hence its strength, as shown, increases with increase in rotation parameter. The effect of boost velocity is to sterngthen and weaken the field in forward and backward direction respectively. To get a better understanding we plot in Figs. 3 and 4 components of magnetic field as well as their total magnitude. As expected the the direction of the boost which is aligned to the rotation axis (θ = 0 -z axis) is quite distinguished showing clear distinction between forward and backward direction. We shall next take up the study of charged particle trajectories.
III. CHARGED PARTICLE MOTION
In this section we will study the charged particle motion with the rest mass m and electric charge e around boosted Kerr black hole in the presence of external magnetic field. Using the Hamilton-Jacobi equation
one can find the equation of motion of the test particle where S is the action of the particle in the background spacetime. The existence of the Killing vectors ξ µ (t) and 
First we will start with the case of either particle is neutral or there is no magnetic field;i.e. geodesic motion for a boosted Kerr geometry. Further we shall specialize to motion in the equatorial plane (θ = π/2) and write
where ∆ = r 2 − 2M r + a 2 . The effective potential, V eff for radial motion is plotted for various values of boost velocity as shown in Fig. 5 . It shows that maximum of the potential increases with increase in rotation and boost velocity. It is well known that rotation weakens gravitational field -gravitational attraction closer to a rotating black hole is weaker than that of the Schwarzschild one.
Similarly boost velocity also works in consonance with the rotation parameter and thereby enhancing weakening effect. Now we switch on the magnetic field, then the radial function R will be modified as
where = eBM/m is the parameter responsible for the electric charge to electromagnetic field interaction. The effective potential plots in Fig. 6 shows that near the horizon, it is the boost velcoity that domeinates while as r increases electromagnetic field interaction has the dominant effect. This point is very important in the context of radius of innermost stable circular orbits (ISCO) which determine the inner edge of accretion disk. This is what we take up next.
As the next step we consider the innermost stable circular orbits (ISCO). For this we will use the equations R = 0 = dR/dr with the condition d 2 R ≤ 0 where the former two are the conditions for existence of circular orbit while the latter is the stability condition. Withoult loosing the generality one may put M = 1 and the 
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If one considers the nonrotating boosted black hole in the absence of the magnetic field the consitions (34)- (36) gives the result for ISCO radius as r ISCO /M = 6, which does not depend on the boost velocity. The boost velocity affects only on angular momentum of the particles, while energy of the particle on the circular orbits remains the same as in the case of Schwarzschild black hole. The numerical solution of these set of equations has been shown in Figs. 7 and 8 and they depict variation of ISCO radius with rotation. The former refers to different values of and boost velocity while for the latter = 10 is fixed. ISCO radius decreases with increasing rotation. As increases the initial no rotation value r/M = 6 decreases and then it goes down to r/M = 1 for extremally rotating black hole a/M = 1.
IV. ENERGETICS OF ROTATING BOOSTED BLACK HOLE
In this section we would employ magnetic Penrose process (MPP) for extracting rotational energy of boosted Kerr black hole. In the original Penrose process it is envisaged that a particle falling from infinity splits into two fragments in the ergoregion, one of which attains negative energy and falls into the black hole while the other would by conservation of energy come out with energy greater than that of the incident particle. It was soon shown [1, 37, 38] that for a fragment to ride on negative energy orbit, the relative velocity between the fragments > 1/2c which is astrophysically unsustainable. Then in Ref. [6] , it was proposed that a rotating black hole sits in a magnetic field produced due to the currents in accretion disk, and so a neutral particle splits into two charged fragments. Now the energy required to get onto negative energy orbit could come from electromagnetic interaction leaving velocity between fragments completely free. This was how PP was revived as MPP for astrophysical applications. We shall here consider the effect of boost velocity on the efficiency of this process.
MPP is the mechanism with the help of which the energy may be extracted from a rotating black hole in the presence of the external magnetic field in an astrophysical setting. Astrophysical rotating black holes and AGNs always have accretion disk surrounding them and that would produce a magnetic field. This is how a proper environment is created for MPP to be fully operative.
Using the standard way definition of energy extraction efficiency due to Penrose process one may write
where E 0 , E 1 , E 2 are the energies of the initial, captured and released partiles, respectively. Using the energy and angular momentum conservation laws one can find the expression for the efficiency as
and for the extreme rotating boosted Kerr black hole as
In the Fig. 9 the dependence of energy extraction efficiency on magnetic parameter is shown for different values of the boost velocity. From this dependence one can see that the magnetic field and boosted velocity coupling will increase the energy efficiency. However as noted earlier while defining the ergoregion, increase in boost velocity results in shrinking of the ergoregion. The effect of boost velocity is rather mixed in the sense that it tends to increase the efficiency of the process while at the same times the region where the process takes place gets shrunk. In the absence of both magnetic field and boost, the maximal value of the efficiency of the energy release is 20.7% of the Kerr blck hole. 
V. CONCLUSION
In this paper, we have studied the electromagnetic field structure and energetic process around boosted rotating black hole. The obtained results of the paper can be summarized as follows:
• We have found the exact analytic expressions for the potential and electromagnetic field components for a boosted rotating black hole immersed in an external asymptotically uniform magnetic field. The analysis shows that electromagnetic field structure around the black hole is sensitive to boost velocity. Magnetic field is asymptotically uniform in which black hole is sitting while electric field is quadrupolar produced by twisting of magnetic field lines, and hence decays very fast. In comparison, electric field is relatively more sensitive to boost velocity than magnetic field. The effect of velocity is to reorient field lines in relation to the boost direction. In the asymptotic infinity the components of both electric and magnetic field tend to their Newtonian expressions.
• Charged particle motion around the boosted rotating black hole has been studied, and we have employed the Hamilton-Jacobi equation and considered motion confined to the equatorial plane. The effective potential profile will be affected by boost velocity mainly in the near region while the effect of the magnetic field picks up in the far region.
• It turns out that boost velocity has no effect on the radius of the innermost stable circular orbit which however decreases with increasing a/M as well as .
• The magnetic Penrose process around boosted rotating black hole has been considered. The exact analytic expression for the efficiency of magnetic Penrose process in the presence of boost velocity has been obtained. It was shown that boost velocity increases the efficiency of the magnetic Penrose process. On the other hand it tends to shrink the width of ergoregion which is actually the playground for the process. Its overall effect is rather mixed blessing -the efficiency increases but the region of action gets diminished.
